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Abstract— In this work, a stochastic mathematical model for the transmission of
Coronavirus disease is investigated to study the effect of different safety protocols,
for instance, social-distancing, mask use and quarantine on the spread of this virus.
For this purpose, the details of the proposed deterministic COVID-19 model and
its stochastic version are described. Finally, numerical solutions are determined by
using a collocation approach to illustrate the impact of different parameters on the
dynamics of the disease.
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I. Introduction

In recent two years, a group of viruses, called Coronavirus, has caused many issues for human beings all
over the world. Hence, many mathematical and biological studies are presented to investigate the dynamics
of COVID-19 and the results have been published as scientific papers. For examples [1, 2, 3, 4] are some
works in the field of mathematical modeling and numerical simulations for this disease.
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In this paper, we focus on the following stochastic COVID-19 model

(1)



dS =
(

Λ− (λ+ µ)S
)

dt− σ1
β λS dB1(t),

dE =
(
λS− (c+ µ)E

)
dt+ σ1

β λS dB1(t),

dI =
(
cρ(1− q)E + ϕρ̄ Q + αIA− (γI + δI + µI + µ)I

)
dt+ σ2A dB2(t),

dA =
(
c(1− ρ)(1− q)E + αAQ− (αI + γA + µ)A

)
dt− σ2A dB2(t),

dQ =
(
cqE− (αA + ϕρ̄+ µ)Q

)
dt,

dH =
(
δII− (γH + µI + µ)H

)
dt− σ3H dB3(t),

dR =
(
γII + γAA + γHH− µR

)
dt+ σ3H dB3(t).

In this model, S, E, I, A, Q and H represent the following categories, individuals susceptible or exposed
to the virus and never infected before, the individuals that have been newly-infected but that are still not
sick and cannot transmit infection, the infectious individuals with symptoms, the infectious individuals,
that are not yet symptomatic, the infectious individuals that are with slight symptoms and hence at home
quarantine, the infectious individuals that are hospitalized and the recovered individuals from the disease,
respectively. It is necessary to mention that we have

N(t) = S(t) + E(t) + I(t) + A(t) + Q(t) + H(t) + R(t).

The force of infection, λ, is defined by

λ = β(1− εmcm)
I + θA

N− θq(Q + H)
,

where β is the effective contact rate, cm is the proportion of people who use masks, εm represents the effect
of using mask to prevent catching the infection by susceptible individuals, θ shows the transmission rate
and 0 ≤ θq ≤ 1 is the efficacy of quarantine and hospitalization admission in preventing virus transmission.
Moreover, c shows the contact rate, q represents the rate of quarantine for exposed persons. Λ is the birth
rate. δI displays the transition rate from the symptomatic infected category to the quarantined infected
category. γI and γA are the recovery rates of symptomatic infected persons and asymptomatic infected
persons, respectively. γH is the recovery rate of individuals in the class H. Also, αA and αI show the
movement rate from the class Q to the class A and the transition rate from A to the class I. ρ and µI
represent the symptoms rate among infected individuals and the mortality rate due to Coronavirus. ϕ, ρ̄
and µ represent the proportion of infected individuals with symptoms in quarantine, the movement rate
from the category Q to I and the natural death rate, respectively.

In this stochastic model Bi(t), i = 1, 2, 3 are standard Brownian motions [5] and σi, i = 1, 2, 3 are the
intensities of environmental oscillations that σ2i > 0.

II. Analysis of the model

In the model (1), when σi = 0, i = 1, 2, 3, then the deterministic COVID-19 model is obtained. In this
case, the disease free equilibrium point can be determined as

E0 = (
Λ

µ
, 0, 0, 0, 0, 0, 0)T.
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To survey the transmissibility of the disease, we need to get the basic reproduction number R0. For the
deterministic COVID-19 model, this number can be specified as

(2) R0 =
$c

γηξ(c+ µ)

(
ξ%̄+ ηθβ̃ + qδ̄

)
,

where θ̃ = (1− ρ)(1− q) and

γ = αI + γA + µ, η = δI + γI + µI + µ, ξ = ϕρ̄+ αA + µ,

%̄ = γρ(1− q) + θ̃αI, β̃ = ξθ̃ + qαA, δ̄ = αAαI + γϕρ̄.

Also, the endemic equilibrium E∗ =
(

S∗,E∗, I∗,A∗,Q∗,H∗,R∗
)T

is determined by

S∗ = ΨSE
∗, I∗ = ΨIE

∗,

Q∗ = ΨQE
∗, H∗ = ΨHE

∗,

A∗ = ΨAE
∗, R∗ = ΨRE

∗,

where

E∗ =
Λ(ΛR0 − µ)

(c+ µ)(ΛR0 − µ) + (1− θq)(ΨQ + ΨH) + ΨI + ΨR + µ2 + 1
,

and

ΨS =
c+ µ

λ
, ΨQ =

cq

ξ
,

ΨA =
c

ξγ
(α̇ξ + αAq), ΨI =

c

ηξγ

(
θ̇ξγ + ϕρ̄qγ + αIξα̇+ αAαIq

)
,

ΨH =
δI
ω

ΨI, ΨR =
1

µ

(
γAΨA +

(
γI +

γHδI

ζ̇

)
ΨI

)
.

III. Numerical Simulations

In this section, some numerical results are provided to show the behaviors of different disease classes
in the proposed COVID-19 model. The numerical solution of this system is obtained using a stepwise
collocation approach based on the Legendre polynomials [6].

All the employed values of the parameters are described in Table I. Also, the initial conditions are
considered as:

S(0) = 11081739, E(0) = 106.2642, I(0) = 27.676, A(0) = 53.839,

Q(0) = 1.1642, H(0) = 1, R(0) = 2.

Figures 1 shows the endemic equilibrium E∗ and the trajectories of the solution for the cases R0 =
0.7730 < 1 with β = 0.36 and for the cases R0 = 1.8569 > 1 with β = 0.8648, when σ1 = σ2 = σ3 = 0.
Figure 2 displays the reproduction number R0 for several values of β ∈ [0, 1] (up) and cm ∈ [0, 1] (down)
with σ1 = σ2 = σ3 = 0. Figures 3 shows the trajectories of I(t), Q(t) for the stochastic model with σ1 = 0.2,
σ2 = 0.15, σ3 = 0.22 and different values of q. Also, Figure 4 shows the trajectories of I(t), Q(t) for the
stochastic model (left) with σ1 = 0.15, σ2 = 0.24, σ3 = 0.36 with different values of cm. Figure 5 displays
the trajectories of I(t), A(t), Q(t) and H(t) for the stochastic model with σ1 = 0.3, σ2 = 0.2, σ3 = 0.15
and different values of β.
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Table I. The parameter values in the stochastic COVID-19 model (1).

Parameter Value Parameter Value Parameter Value
Λ µ×N(0) γH 0.11624 αI 0.078
β 0.8648 αA 0.059 ρ 0.86834
c 14.781 cm 0.0546 µI 0.01
θ 0.5944 εm 0.5 θq 1
q 1.8887× 10−7 ϕ 0.05 ρ̄ 0.1259
δI 0.13266 γI 0.33029 µ 1

69.5
γA 0.13978
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Fig. 1. The trajectories of the solution for the cases R0 < 1 and R0 > 1, when σ1 = σ2 = σ3 = 0.
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Fig. 2. Reproduction number R0 for several values of β ∈ [0, 1] (up) and cm ∈ [0, 1] (down).
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Fig. 3. Graphs of trajectories of I(t) and Q(t) for the stochastic model with different values of q.
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Fig. 4. The trajectories of I(t), Q(t) for the stochastic model with different values of cm.
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Fig. 5. The trajectories of I(t), A(t), Q(t) and H(t) for the stochastic model with different values
of β.
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