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Abstract. This paper, presents the gravity duals of Conformal Field Theories with
boundaries. This theory is known as AdS/BCFT correspondence. In this duality,
our system has 3D gravity coupling with the Maxwell �eld dual to 2D BCFT. On
the gravity side, we consider a 3D BTZ black hole. We analyze the e�ects of the
chemical potential on the pro�le of the extra boundary for the black hole. Performing
a holographic renormalization, we calculate the free energy and obtain the total entropy
and corresponding area with chemical potential, and the boundary entropy for the black
hole. These theories are speci�ed by stress-energy tensors that reside on the extensions
of the boundary to the bulk. In this way, the AdS/BCFT appears analogous to the
�uid/gravity correspondence with the chemical potential. We discuss the solutions as
well as their thermodynamic and �uid properties.
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1 Introduction

Several considerations around the AdS/CFT correspondence have received increasing atten-
tion recently [1�16], this theory relates to a Yang-Mills theory SU(Nc) in <1,3 with large
Nc and supersymmetry ℵ = 4 for a Superstring Theory or Supergravity in AdS5xS

5 where
AdS is the Anti-de-Sitter spacetime while CFT means Conformal Field Theory [17�20]. The
AdS/CFT correspondence [6�9] provides universal bounds of the transport coe�cients, in-
cluding the well-known bound ratio of the shear viscosity [10, 11]. All these bounds are
conjectured based on the holographic �bottom-up� models, which are violated through ways
put forward in [12�16]. However, just as the AdS/CFT correspondence is used to study the
transport coe�cients, a boundary theory known as AdS/BCFT correspondence has recently
emerged [21, 22], which is an extension of the AdS/CFT correspondence [23�25]. The idea
behind the AdS/BCFT correspondence proposed by Takayanagi [21] consists of an exten-
sion of the AdS/CFT correspondence [17], de�ning in the CFT a boundary in d-dimensional
manifoldM for a d+1-dimensional asymptotically AdS space so that ∂N =M∪Q, where Q
is a d-dimensional manifold that satis�es ∂Q = ∂M = P �gure (1). This new extension has
brought attention to investigating the transport coe�cients like the Hall e�ect, �uid/gravity
correspondence and the Hawking-Page phase transition [21,22,24�27].

MAdS
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Figure 1: AdS/CFT correspondence in the presence of boundary hypersurface Q

In our prescription, our gravitational system with a BTZ black hole coupled to the
Maxwell �eld, we impose Neumann boundary conditions. For this system, we construct the
AdS/BCFT, where we �nd the location of Q in the bulk with an electric �eld. In (2 + 1)-
dimensional, gravity is considered a toy model [33]. It has neither a Newtonian limit nor
any propagating degrees of freedom. On the other hand, the work of Bañados, Teitelboim,
and Zanelli (BTZ) [34, 35] has a solution in (2+1) known as BTZ black hole, which has
some interesting features, such as: an event horizon (and in some cases, an additional inner
horizon, if one includes rotations) presenting thermodynamic properties somehow similar to
the black holes in (3+1) dimensions and being asymptotically anti-de Sitter. Usually, these
black holes have asymptotically �at behavior. In our prescription, we choose to work with a
planar BTZ black hole with a nontrivial axis pro�le. However, the Maxwell �elds are given
in terms of the 'electromagnetic duality' where Fµν is the Hodge dual of the �eld strength
∗Fµν [28�32].

In our system, we compute the thermodynamics through the holographic renormaliza-
tion scheme and analyze the thermodynamics of the BCFT2. The thermodynamics of the
BTZ black hole consists of volume and boundary contributions with electric �eld contribu-
tions. In this sense, the boundary hypersurface tension de�nes a characteristic scale for the
corresponding thermodynamic quantities. In calculating the contribution of the boundary
to the total action, we �nd that its associated entropy is not equal to the contribution from
the Bekenstein-Hawking formula alone due to the presence of the electric �eld.

Within this �uid/gravity correspondence framework, [24,25,2,27] we describe a family of
boundary stress-energy tensors Tab that reside in Q. In our case, each Tab corresponds to a



AdS/BCFT correspondence and BTZ black hole within electric �eld 3

hypersurface in the volume that bounds a subspace of the BTZ black hole solution with an
electric �eld. These hypersurfaces preserve all but one of the spatial translation symmetries.
Therefore, from the point of view of the AdS/BCFT correspondence this is an AdS/CFT
problem in half- space or an in�nite range. In the �uid/gravity correspondence, the slices
of constant radius of the AdS space (black hole) in the usual cases without additional
�elds lead to the stress-energy tensor of a conformal �uid, which only occurs in the low
temperature regime due to the presence of the electric �eld. In this work, we are interested
in hypersurfaces that extend along the radial direction, i.e., from the boundary to the bulk.
This external electric �eld causes the corresponding Tab not to assume the form of a simple
�uid. In our results, we show that even with a unique geometry of the hypersurface that
produces a �uid-like Tab, we observe that both the energy density behavior decreases while
the pressure behavior increases and, both behaviors are controlled by the electric �eld.
Thus, in addition to the �uid in the boundary extension being subject to a curved metric,
or equivalently to an external �eld, it will also be subject to an electric �eld.

In this work, motivated by the application of AdS/CFT duality together with the emer-
gence of AdS/BCFT [21, 22, 26, 36] and taking into account the importance of (2 + 1)-
dimensional black holes, we propose a description of the BTZ black hole in AdS3/BCFT2

correspondence with electric �eld [28�31,37,38]. The summary of the main results achieved
are organized as:

� First, we study the in�uence of the electric �eld on the BCFT theory. Apart from a
complete numerical solution, we show a solution that is useful for determining the role
of Q pro�le and perform an analysis of all quantities in this work;

� We construct a holographic renormalization for this setup and compute the free energy
for the AdS-BTZ black hole;

� From the free energy, we compute the total and boundary entropy. In the case of the
boundary entropy within an electric �eld, one can see it as an extension of the results
found in [21,22];

� In the �uid/gravity correspondence, the boundary extension is subject to a curved
metric, or equivalently to an external �eld and electric �eld. As a result, the thermo-
dynamic quantities, except entropy density, are coordinate dependent. Nevertheless, at
every spatial position, the �uid has the same equation of state as the well-known con-
formal �uid de�ned at the corresponding energy scale in high temperatures. [21,22,27].

This work is summarized as: In Sec.∼2 we present the setup AdS3/BCFT2. In Sec.∼3
we discuss the pro�le boundary conditions of the boundary Q in terms of the gauge �eld.
In Sec.∼4 we present the entropy of the BTZ black hole within the electric �eld. In Sec.∼5
at the boundary �uid from AdS3/BCFT2 appears the �uid/gravity correspondence in terms
of the electric �eld. Finally, in Sec.∼6, we present our conclusions.

2 The scenario AdS3/BCFT2

The holographic dual from AdS3/BCFT2 is a simple example with multiple boundaries
[21�24, 27�32, 38]. For that reason, we will use a holographic scenario considering in the
AdS3/BCFT2 an electric �eld where the idea is to explore the boundary pro�le within the
electric �eld. Thus, the action for this scenario is given by

S = SN + SQ =

�
N

d3x
√
−g
(

(R− 2Λ)− 1

4
FµνFµν

)
+ 2

�
Q

d2x
√
−h(K − Σ), (1)
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Where Kabh
c
a∇cnb is the extrinsic curvature, hab is the induced metric, K = habKab is the

traceless contraction, na is the normal vector of the hypersurface Q and Σ are the tension
of the boundary. Imposing a Neumann boundary condition in the action (1), we have:

Kab = (K − Σ)hab. (2)

For more discussion about this procedure, see [21�24, 27]. The Einstein-Maxwell equations
can be formally written as:

Gµν + Λgµν =
(
FµαFαν −

gµν
4
FαβFαβ

)
, (3)

∇µFµν = 0. (4)

Now, to �nd the electric �eld black hole in three-dimension, we consider the following metric
and gauge �eld, respectively, as:

ds2 =
L2

z2

(
−f(z)dt2 + dy2 +

dz2

f(z)

)
, (5)

A = φ(z)dt. (6)

Solving the Einstein-Maxwell equations for the metric (5), the horizon function and the
gauge �eld are given by:

f(z) = 1− z2

z2
h

+
µ2z2

L2
ln

(
z

zh

)
, (7)

A = µ ln

(
z

zh

)
dt, (8)

These functions are solutions to the Einstein-Maxwell equations. Besides, the largest of the
positive roots zh of the function f(z)�the so-called blackening factor�determines the horizon
of the black hole. The black hole temperature is given by

T =
|f ′

(zh)|
4π

=
4− µ2z2

h

8πzh
. (9)

Observing the equation (8), we can extract the 'electromagnetic duality', which is written
as

Fµν →∗ Fµν =
1

2
εµναβFαβ . (10)

Such duality, gives FµνFµν =∗ F∗µνFµν that says action (1) is invariant under this duality
(10) [28]. Besides, the transformation (10) shows that Fzt →∗ Fzt = µ/z where µ is the
chemical potential and Fzt is the electric �eld, normal to the plane M. We expect that
for non-trivial values of the chemical potential, i.e., µ 6= the conformal symmetry must be
broken.

3 Q-pro�le within charged BTZ black hole

Now, to construct the Q boundary pro�le, one has that the induced metric on this surface
given by

ds2
ind =

L2

z2

(
−f(z)dt2 +

g2(z)dz2

f(z)

)
, (11)
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where g2(z) = 1 + y′
2
(z)f(z) with y′(z) = dy/dz. The normal vectors on Q are:

na =
z

Lg(z)
(0, 1, −f(z)y′(z)) . (12)

The surface Q is described by the curve y = y(z) [21�24,27]. For this, solving equation (2),
we have:

y
′
(z) =

(ΣL)√
1− (ΣL)2f(z)

. (13)

In Fig.∼2, we show the behavior of the equation (13) for some values of the chemical potential
with ΣL = cos(θ) being θ the angle between the direction y and the surface Q. In CFT, it
is natural to say that the ∆y is the "width" of the boundary. Taking the limit µz → 0 in

Figure 2: Q boundary pro�le for the BTZ black hole within the electric �eld for the values
µ = 1.12 (blue curve), µ = 1.14 (red curve) and µ = 1.16 (green curve). Orange regions
show the part of the horizon (shadows of Q), which contributes to the boundary entropy.

the equation (13) and considering the �rst term of this expansion, we obtain

y(z) = z cot(θ). (14)

Q can be described as a plane intersecting the boundary M at an angle θ. For the plane
boundary, A = φ(z)dt depends on only the coordinate z. For simplicity, we focus on the limit
presented above, i.e., AdS3 spacetime (5) with the bulk boundary Q located at (14). This
limit is su�cient for the study of the leading order of current on the boundary. Moreover,
Maxwell's equations can be solved:

∂2
yAt + ∂2

zAt +
1

z
∂zAt = 0, (15)

Similarly, the Neumann boundary on the gauge �eld nµFµν = 0, becomes

(∂yAt − cot(θ)∂zAt)|y=z cot(θ) = 0, (16)

and analogously ηµ∗Fµν = 0 [28]. Following the prescription of [31,32], we can consider the
Ansatz for the gauge �eld

At(y, z) = A
(0)
t +A

(1)
t yf

(
z

y

)
, (17)
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where A
(0)
t and A

(1)
t are constants. The Maxwell's equations for (15) become

(1 + s2)f
′′
(s) +

1

s
f

′
(s) = 0, (18)

which has a general solution

f(s) = 1 + b
√

1 + s2 − b ln

(
1

s
+

√
1 +

1

s2

)
. (19)

For the Neumann BC (16), we have

b =
2 cos2(θ/2)

cos(θ) −
2

sin(2θ)

ln
(

2 cos2(θ/2)
sin(θ)

) . (20)

Now let us go to consider the holographic theory. Thus, we consider the variation the on-shell
action (1) with respect to gauge �elds, we have

δI =

�
M
d3x
√
−gηµFµνδAν +

�
Q

d2x
√
−hηµFµνδAν . (21)

On-shell, both Aµ on M and Q are functions of background gauge �elds Ai of BCFT.
However, based in [31,32], from (17) we have onM

Ai|M = lim
z→0

Ai = A
(0)
i +

∞∑
n=1

A
(n)
i yn = Ai, (22)

where in a similar way, from y(z) = z cot(θ) and (17), we have on Q:

Ai|Q = A
(0)
t +A

(1)
t yf(tan(θ)). (23)

Now substituting (22) and (23) in (21), we can derive the current via the de�nition

Jbdryt = lim
z→0

δI

δAt
= ∂2

zAt(y, z) = b1A
(1)
t . (24)

Here we can see that near the boundary, the current in the equation (24) with b1 = −b cot(θ)
playing the role of the central charge, which it is clear that the holographic BCFT satis�es
the universal law of current [32]. Besides, the current (24) is independent of the Σ near-
boundary and consequently of boundary conditions.

4 The entropy of the charged BTZ black hole

In this section, we will compute the entropy for the BTZ black hole. For this, we need
to execute the holographic renormalization scheme as presented by [21, 26, 27] to compute
the Euclidean on-shell action, which is related to the free energy of the corresponding ther-
modynamic system, and then extract entropy. Thus, we start with the Euclidean action
IE = Ibulk + 2Iboundary, i.e.,

Ibulk = − 1

16πGN

�
N

d3x
√
g

(
(R− 2Λ)− 1

4
FµνF

µν

)
− 1

8πGN

�
M
d2x
√
γ(K(γ) − Σ(γ)), (25)
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γ and Σ(γ) are the induced metric and the surface tension onM, respectively. K(γ) is the
trace of the extrinsic curvature on the surfaceM. On the other hand, for the boundary we
have

Ibdry = − 1

16πGN

�
N

d3x
√
g

(
(R− 2Λ)− 1

4
FµνF

µν

)
− 1

8πGN

�
Q

d2x
√
h(K − Σ), (26)

where h and Σ, are respectively the induced metric and the surface tension on Q.
As we know from AdS/CFT correspondence, the IR divergences in the gravity side

correspond to the UV divergences in the CFT boundary theory. Such relation is known as
the IR-UV connection. Thus, for the AdS-BTZ black hole, we start computing the Ibulk, and
we can note that by localizing the surfaceM in z = 0 we can write Σ(γ) = 1/L, Kγ = 2/L
with

R = − 6

L2
+
µ2z2

2L2
, (27)

and removing the IR divergence by introducing a cuto� ε the Ibulk becomes

Ibulk =
2zhL∆y

4GN

� zh

ε

dz

z3
− 2zhL∆y

4GN

� zh

z0

dz

z3

(
µ2z2

8

)
(28)

− µ2kL4∆y

32z3
hGN

− 1

8πGN

� 2πzh

0

� y0

−y0
dτdy

L
√
f(ε)

ε2
,

= −Lzh∆y

4GN

(
1

z2
h

− 1

ε2

)
− Lzhµ

2∆y

16GN
ln
(zh
ε

)
− µ2L4∆y

32z3
hGN

− Lzh∆y

4G

√
f(ε)

ε2
.

Note that for a power expansion in ε we can write

Ibulk = − L∆y

4zhGN
− µ2L4∆y

32z3
hGN

− Lzhµ
2∆y

16GN
ln
(zh
ε

)
+O(ε), (29)

Now, for the Ibdry with K = 2Σ− Σµ2z2, we have

Ibdry = − L∆y

4zhGN
− µ2L4∆y

32z3
hGN

− Lzhµ
2∆y

16GN
ln
(zh
ε

)
− L

4GN
arc sinh(cot(θ))−

µ2z4
h

8(ΣL)3GN

[
ΣL+ (1− (ΣL)2) ln

(√
1− (ΣL)2

1 + ΣL

)]
+O(ε), (30)

Then using the relation IE = Ibulk + 2Ibdry, we have

IE = − L∆y

4zhGN
− L

2GN
arc sinh(cot(θ))− Φ(µ, zh)

4GN
, (31)

where the function Φ(µ, zh) is of the form

Φ(µ, zh) = µ2L4∆y
2z3h

− µ2∆yz4h
(ΣL)3

[
ΣL+ (1− (ΣL)2) ln

(√
1−(ΣL)2

1+ΣL

)]
, (32)

and we have the entropy as

S = −∂F
∂T

= −∂(THIE)

∂TH
, (33)
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that is,

S =
L∆y

8zhGN
+

L

GN
arc sinh(cot(θ)) +

Φ̃(µ, zh)

4GN
, (34)

with

Φ̃(µ, zh) =
4− µ2z2

h

4 + µ2z2
h

(
L∆y

2zh
+

3µ2L4∆y

2z3
h

− µ2zhL∆y

2

)
+

4− µ2z2
h

4 + µ2z2
h

(
−4∆yµ2z4

h

(ΣL)3

[
ΣL+ (1− (ΣL)2) ln

(√
1− (ΣL)2

1 + ΣL

)])
, (35)

Equation (34) is the total entropy of the AdS-BTZ black hole with electric �eld contribution
terms for the bulk and the boundary Q. This entropy does not respect the Bekenstein-
Hawking (BH) scaling, i.e., it is not equal to the area of the "`shadow" of the bounding surface
Q on the horizon (marked orange in �gure 2) times the correct BH factor. Furthermore,
still analyzing Eq. (59), due to the limit T → 0 (zh → ∞) in Eq. (34); then, one gets the
zh = 2/µ. Our boundary entropy becomes

SQ =
L

GN
arc sinh(cot(θ)). (36)

where SQ in equation (36) is the boundary entropy. This entropy is carried by the boundary
and increases as the tension does. On the other hand, at the high temperature phase with
T →∞ (zh → 0), we have, T = TBCFT = 1/2πzh and the equation (34) can be written as

S = Sbulk + SQ =
L∆y

8zhGN

(
1 +

3µ2L3

2z2
h

)
+

L

GN
arc sinh(cot(θ)), (37)

A similar result to the bulk entropy (Sbulk) in equation (37) was presented by [6]. However,
in our case, the leading nontrivial temperature dependence of the entropy (Sbulk) , as is the
leading high temperature dependence of the heat capacity (CV )

CV = T

(
∂S

∂T

)
V

, (38)

the above equation is a positive quantity, implying that the BTZ black hole within an electric
�eld at a high temperature is stable. In the next section, we will show the consistency of
thermodynamic relations of the �uid, described by Tab on Q.

5 Boundary �uid from AdS3/BCFT2

In this section we apply the discussion of [27] to �uid/gravity correspondence in the AdS3/BCFT2

correspondence. In our case, we have that for d = 3, the boundary stress tensor is given by

Tab = − L

kz
(Kab −Khab + Σhab − kTRab − kT ctab), (39)

where k = 8πG. TRab and T
ct
ab are, respectively, possible contributions of the intrinsic curva-

ture and counter-terms. But with the energy-momentum tensor �xed on the surface Q with
TRab = T ctab = 0, the equation (39) can be written as

Tab = − L

kz
(Kab −Khab + Σhab). (40)
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Using the equation (40), we will show that there is a single pro�le among a continuum
of the pro�les of Q (or stress-energy tensors Tab). In this way, gravity yields a �uid-like
stress-energy tensor, in local thermodynamic equilibrium for the BTZ black hole within the
electric �eld. In the AdS3/BCFT2 correspondence, we parametrize the surface Q by the
function y(z) with the arbitrary tension Σ. The energy density and pressure are given by:

ρ =
L

kz

(
ΣL+

zy
′
f

′
+ 2zfy

′′ − 2f2y
′3 − 2y

′
f

2(1 + y′2f)3/2

)
, (41)

pyy = − L

kz

(
ΣL− 2(2f − zf ′

)y
′
+ f(4f − zf ′

)y
′3 − 2zfy

′′

2(1 + y′2f)3/2

)
, (42)

pzz = − L

kz

(
ΣL− 4y

′
f − zy′

f
′

2(1 + y′2f)1/2

)
. (43)

The above equations show that there is a symmetry break through the pressure components,
i.e., pyy 6= pzz and the space is anisotropic. If we want a system that describes a Pascal

�uid-like with pyy = pzz, this condition implies that fy
′2 = c, where c is a constant. Thus,

we have

y − y0 =

� z

0

cot(θ)dω√
f(ω)

, (44)

where c = cot2(θ) and using the condition fy
′2 = c, we can write energy density and pressure

as:

ρ =
2L cos(θ)

kz

(
1−
√
f

2

)
, (45)

p =
L cos(θ)

2kz
√
f

(4f − zf
′
− 4
√
f), (46)

The equation of state for the energy density and pressure can be written as

Ω =
p

ρ
=

4f(z)− zf ′
(z)− 4

√
f(z)√

f(z)(2−
√
f(z))

. (47)

In our �uid beyond the gravitational force, due to the non-�at space, we have an external
electric �eld that decreases the energy density and increases the pressure, see �gure 3. This
e�ect is captured by a con�ning aspect of the Maxwell theory encoded in the logarithmic
behavior of the charge interaction potential. However, taking the regime z → 0, this regime
is very important to see if the �uid has a conformal behavior. Thus, we can to extract
the following ρ = L cos(θ)/κzh, p = −µ2zhL cos(θ)/4κ and Ω = −2µ2z2

h. Now, with these
relations, we can conclude that p+ ρ = sT where:

sQ =
2πL

κ
cos(θ), (48)

The entropy density is coordinate independent. In low temperature T → 0 (zh → ∞), we
have p = −ρ, i.e, the �uid is non-conformal. Even with the Q pro�le open in the direction
of the horizon, which is a consequence of a "null (weak)" energy condition in Q. Where this
condition is required for the temperature or energy density in Q to be non-negative. We
can note that the electric �eld breaks the conformal symmetry in this case. However, in
the regime of high temperature T → ∞ (zh → 0), we have T = TBCFT = 1/2πzh and the
electric �eld non-broken the conformal symmetry.
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Figure 3: The �gure shows the behavior of the energy density (45) and pressure (46) within
an electric �eld where the equation of state (47) provides an e�ective theory on the surface
Q.

6 Conclusions

In this section we present the conclusions on the AdS/BCFT correspondence and BTZ
black hole within the electric �eld. Considering the coupling with the Maxwell �eld and
the Einstein tensor, we established our setup. In the three-dimensional bulk, we found a
consistent solution for the BTZ black hole within the electric charge. From these solutions,
we constructed the Q pro�le on the two-dimensional boundary, which characterizes the
AdS3/BCFT2 correspondence. In particular, we found a numerical solution to the Q pro�le,
which is open in the direction of the horizon where we have a "null (weak)" energy condition
in Q with a positive temperature and energy density in Q. Such a solution described
qualitatively well the in�uence of the electric �eld. On the other hand, when we consider
the limit near the boundary, the solution is su�cient to compute the �rst order of the
electric current in the boundary, it satis�es the universal law of current [32]. Performing
the holographic renormalization procedure to get the Euclidean on-shell action for the AdS-
BTZ black hole within the electric �eld, we identify that the Euclidean on-shell action with
the free energy. With this, we compute the total entropy and discuss the low and high
temperature regimes. Such regimes are compatible with those expected from usual black
hole thermodynamic properties.

In the �uid/gravity duality, we noticed a special solution that yields the same "conformal"
�uid of the standard �uid/gravity calculation in the AdS-BTZ black hole geometry, albeit
with thermodynamic quantities dependent on position (inhomogeneous �uid). For local
quantities, we show that it describes this boundary �uid. Speci�cally, we have found that
the entropy density does not depend on the coordinates.
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