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Abstract

Starting from an effective action for quantum gravity, we calculate the quantum grav-
itational corrections to the Wald entropy of a four dimensional non-extremal Reissner-
Nordstrom (RN) black hole in the limit of small electric charge, generalising a previous
calculation carried out by Calmet and Kuipers [I] for a Schwarzschild black hole. We show
that, at second order in the Ricci curvature, the RN metric receives quantum corrections
which shift the classical position of the event horizon. We apply the Wald entropy for-
mula by integrating over the perimeter of the quantum corrected event horizon. We then

compute the quantum gravitational corrections to the temperature and the pressure of the
black hole.
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1 Introduction

One of the greatest achievement in theoretical physics in the last fifty years is the dis-
covery that black holes have an entropy [2], 3]. The leading classical contribution to the
entropy of a black hole in Einstein’s general relativity is equal to one quarter of the area
of the event horizon. If the theory of gravity is modified, then the entropy receives addi-
tional contributions. Recently [I], effective field theory methods were used to calculate the
quantum gravitational corrections to the entropy of a Schwarzschild black hole using the

Wald entropy formula [4], which in four dimensions reads
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where L is the Lagrangian density of the theory, d¥ = r?sin 8dfd¢, R, is the Riemann
tensor and €,, is an antisymmetric tensor normalised as €., = —2. The integral has
to be evaluated at the horizon radius r,. An important observation is that the metric
itself may receive quantum gravitational corrections that could impact the position of the
horizon. The Schwarzschild metric does not receive corrections at second order in curvature
[5], but it does at third order [I].

In this work we apply the same effective field theory approach to quantum gravity as in
[1] to compute the quantum gravitational corrections at second order in curvature to the
entropy of a more realistic type of black holes, namely the electrically charged ones, also
known as Reissner-Nordstrom (RN) black holes. The motivation behind adding electric
charge is dictated not only by theoretical interest. Indeed, real astrophysical black holes
do have a tiny electric charge, which can be approximately estimated as 100 Coulombs
per solar mass [6]. If one is interested only in the motion of photons and neutral matter
(neutrinos and gravitational waves) in the vicinity of the hole, then the assumption of zero
charge is justified. However, the dynamics of charged particles like electrons and protons
can be profoundly affected. The electric field of the black hole can do work and accelerate
the particles to large, relativistic speeds. Incidentally, this could explain why cosmic rays
are detected on the Earth with very high energies [7].

From the technical point of view, there is a difference between the result of [I] and ours.
Unlike the Schwarzschild black hole, which is a vacuum solution of general relativity, the
presence of electric charge for the RN black hole implies a non-vanishing energy-momentum

tensor. As a consequence, we found that the classical RN metric receives quantum grav-



itational corrections already at second order in curvature. We obtained these corrections
by solving the quantum corrected Einstein and Maxwell equations perturbatively in the
gravitational coupling G up to order O(G%). We present their derivation in Section
Quantum corrections to the RN metric were already considered in the literature using al-
ternative methods. In [8, 0] it was assumed that it is quantum matter, and not quantum
gravity, which is responsible for the quantum effects. Accordingly, the energy-momentum
tensor was expanded in a power series in the fine structure constant o using usual Feyn-
man diagram techniques, then a Fourier transformation of the form factors was performed
to get the correction to the metric. In [10], quantum corrections to the RN metric were
obtained within the context of 2D spherically symmetric dilaton gravity models.

To compute the entropy, we restricted to the case of a non-extremal RN black hole
and we additionally made the well-founded physical assumption that its charge @) is very
small compared to its mass M. To be precise, in every expressions we kept only terms
up to order O (Q?). In this sense, our results can be thought of a small correction to
those obtained for the Schwarzschild black hole. As already mentioned, the Wald entropy
requires to integrate over the event horizon. We found that the corrections to the metric
imply a small shift of the horizon radius, which contributes to the final expression of
the entropy. These calculations are presented in Section [3] Previous works obtained the
quantum corrections to the entropy of non-extremal RN black holes in other ways. Most
notably, by computing the stringy o’ corrections [I1], by applying the brick-wall method
[12], by counting the degrees of freedom near the horizon [13], or by immersing the black
hole in an isothermal bath within a cavity [14].

After computing the entropy, in Section [4 we have a look at the first law of thermody-
namics. We found that both the temperature and the pressure of RN black holes receive
quantum gravitational corrections at order O (Q?) in such a way that the first law remains

valid.

2 Quantum gravitational corrections to the Reissner-

Nordstrom metric

2.1 Equations of motion from the effective action

Effective field theory is an organised procedure that separates out the effects of high energy

from those at low energy. Any ultra-violet completion of quantum gravity that reduces to



general relativity in its low energy regime is described by an effective action, consisting of
local and non-local terms [15] [16, 17, 18, 19, 20]. The local action is a curvature expansion
involving quantities invariant under general coordinate transformations. At second order

in curvature, it is

R
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where p is an energy scale. The exact values of the coefficients ¢y, ¢9, c3 are unknown, as
they depend on the nature of the ultra-violet theory of quantum gravity. The non-local

action is
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where O = ¢"V,V, and In (J/p?) is an operator with the following integral representation

o O Foo 1 1
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The numerical values of the coefficients «, 3,7 are calculable, see e.g. [22]. In four dimen-

sions, the Gauss-Bonnet term

/ d'z /=g (R* — 4R, R" + Rpe R"™"7) (2.4)

is a topological invariant. Hence, as a simplification of the equations of motion, it is possible

to eliminate the Riemann tensor in the local action (2.1)) by redefining the coefficients as
Cl —>C =C —C3, Co—>Cy=2Cy+ 403, c3 — c3 = 0. (25)

At second order in curvature, there exists also a non-local version of the Gauss-Bonnet
theorem [5]:
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Therefore, it is possible to eliminate the Riemann tensor in the non-local action by rede-

fining the coefficients as
a—a=a—7v, B—=B=F+4y, y—=73=0. (2.7)

Since we are considering an electrically charged black hole, to the purely gravitational

terms we have to add the Maxwell action

1
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where F,, = 0,A, — 0, A, is the electromagnetic tensor and A, is the electromagnetic

potential. The full action is then
F:FL+FNL+FM:/d4x\/—_g£. (2.9)
The Maxwell equations, obtained by varying with respect to A, are
9NV =0. (2.10)
In addition, there is a Bianchi identity
Vi E=0. (2.11)

The quantum corrected Einstein equations, obtained by varying (12.9)) with respect to the

metric, are
1

87TGN

The T}, on the right-hand side is the energy-momentum tensor for electromagnetism,

Guw+2Huyw +Ku) =T, (2.12)

1
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On the left-hand side, G, is the usual Einstein tensor

1
G;w = R/u/ - §Rg/u/a (214)



while H,, and K, are the quantum corrections to the classical Einstein equations. The

local contribution is

H,, =¢ <2RRW — %gWRZ —2V,V,R+ 2gu,,DR)
(2.15)
+C (—%gw,Rpng" + 2R R, — V,V,R+U0R,, + %QWDR> .
The non-local contribution is obtained by varying Sy. In principle one has to take the
variation of the logarithm. However, §/0¢g* In ((J/u?) contains terms of higher order than
two in curvature [22, 23] so that they can be neglected here. The non-local contribution is
then

1 O >
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- (2.16)
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2.2 Solution of the equations of motion

In this section we solve the quantum corrected Einstein and Maxwell equations using
perturbation theory in the gravitational constant GG. The equations are coupled together
as the electromagnetic tensor Fj,, appears in the Einstein equations through the energy-

momentum tensor 7}, while the metric enters explicitly into Maxwell’s equations.

iz
We consider a small perturbation gf,, of order O (G%,) around the classical RN solution:

Guv = gflf\f + gZJ/' (217)

We recall that, in the canonical coordinates x* = {t,r,0, ¢}, the RN solution is

2 M 2
dspy = gf‘lfvdx“dx” = — <1 — Gy + GrQ > dt?

r 72

(2.18)
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) dr? + r2d6? + r? sin? Od¢>*.

Let us have a look at gf,. We fix the gauge freedom by setting Gog = gg s = 0 and define



two functions A(r) and ¥(r) such that
dsg = gj,drtdz” = ~G3A(r)dt? — G X(r)dr?. (2.19)

The full metric is then

_2GyM | GrQ?

r 72

ds® = g, datds” = — <1 + G?\;A(T)) dt?

(2.20)
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Notice that, at order O (G%),

2\ —1 2
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r 72 r 72

+ G%E(ﬂ) B . (2.21)

The non-vanishing independent component of F), for the classical RN black hole is
FEN = —FEN = Q/r?. Since the Maxwell and Einstein equations are coupled together, it
is well possible that this component receives a correction. We thus define a function Q(r)

such that
Q

By, =—F,= St GXQ(r). (2.22)

To proceed, we plug the metric and the components of the electromagnetic tensor
into the equations (2.10), (2.11)), (2.12)), keeping only terms up to order O (G%).
Since H,, and K, are quadratic in curvature, this implies in particular that they just need
to be evaluated on the classical RN solution, i.e. can be expressed schematically as

1

G [+ +2 (0 [5] + Ko [P0 = T [ 7. 229)

The Ricci scalar computed from the pure RN solution vanishes. Thus, in H,, and K,
only the terms containing the Ricci and Riemann tensors have to be considered. Special
care is needed for the quantity L”, = In (%) R?,. The components of the Ricci tensor
for the classical RN solution are R', = R", = —R% = —R%;, = —GnQ?/r*. Hence, it is

necessary to compute In ((0/p?) r=*. Tt was shown [24] that the action of the logarithm on



a smooth radial function f(r) is

] 1 oo ’ ! ’ . 1 e / r’ !
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where vz is the Euler-Mascheroni constant. The function r—*

is smooth everywhere except
at r = 0, which causes some problems while evaluating the integrals at » = 0. However, as

we show in Appendix [A] the divergences can be controlled and eventually disappear. The

In (E) 12 (m () + 75 — §) = (). (2.25)
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result is

where we have defined for simplicity fi = pexp (ny — %)
We now write the explicit form of the equations. The ¢t component of (2.23)) is

- - dxy
— r'%(r) + 647Q” [ (3¢, — 53) + 681In (fr)] — r5# =0, (2.26)
which is solved by
647Q* = .
X(r)=— 7’4Q (62 — B+ 2B1n (fir)] . (2.27)
The rr component of is
- dA
— 'S (r) + 647Q” [G + 281 (fir)| — r° dfjﬂ) =0. (2.28)
Plugging ([2.27) into ([2.28]) results in
327Q* .
Ar) = — o’ (& +2B1n (fr)] . (2.29)

The 60 and ¢¢ components of (2.23)) have the form

dA(r)  dX(r) d*A(r)
5
dr + dr T dr?

256mQ%¢, + 1287Q*B [—1 + 41n (sir)] + 7 =0, (2.30)

One can check that the expressions (2.27)), (2.29)) for 3(r) and A(r) satisfy (2.30). Let us
consider now the Maxwell equations. The Bianchi identity (2.11)) is automatically satisfied.



The ¢t component of (2.10]) is

dA(r)  dX(r) 2 dQ(r)
4r Q) — 2r = 0. 2.31
T(T)+Q{dr S| Tt = =0 (2.31)
Plugging the solutions ([2.29)), (2.27)) into (2.31]) gives
16 3
Q) = —07¢ 6, — 2B+ 2B1n (jir)] . (2.32)

We conclude that the set of equation obtained by varying the full action (2.9) has the
following solution, valid at order O (G%):

1
ds® = —f(r)dt* + ——dr® + r2df® + > sin® 6d¢?,

g(r)
167G2,0° - (2.33)
Fy = —Fu —% WT {02 +dez +2(8+4y) (ln (ur) +ve — 5)}
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(2.34)

In other words, both the the classical RN metric and the independent component of the
electromagnetic tensor receive quantum corrections at second order in curvature. They
are proportional to the charge, so in the limit () — 0 one correctly recovers the classical

Schwarzschild solution.

3 Quantum gravitational corrections to the entropy

of non-extremal Reissner-Nordstrom black holes

The results obtained in the previous section are valid for a generic charge (). In this section
we focus on a non-extremal black hole with the additional physical condition the charge
is much smaller than the mass, i.e. Q* < GyM?. Accordingly, in all the expressions we

keep only terms up to order O (Q?).



The classical RN metric has two horizons located at the radii

2

re =G M 43 /GRM? = Gy Q2 =263 M = 5+ 0 (@),
, (3.1)
ro= GaM = \JGAM? — GhQ? = 5+ 0(Q).
The entropy is generally defined in terms of r, only, namely
2
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where A = 167G2M? is the classical area of the event horizon of a Schwarzschild black
hole. In this section we compute the quantum corrections to this expression. It is worth
mentioning that recently [25, 26] a new definition of the entropy has been proposed, which
takes into account also the inner radius and is independent of the temperature. Quantum
corrections to this new entropy will be the subject of future works.
The corrections to the metric imply a shift of the horizon radius:
622 8W622

Th = QGNM—W+W c1+des+2 (B +47) (In (2G Ny M) + v — 2) ] +0(QY). (3.3)

We now compute the entropy of a quantum non-extremal RN black hole using the Wald
formula (1.1)) evaluated at the new radius (3.3). The €,, tensor is defined as

T/ () = ()
=3 —/TOG) it () = (1) (3.4)

0 otherwise.

In the Wald formula, all the terms of the full effective action have to be considered, without
invoking the Gauss-Bonnet theorem. Up to orders O(Q?) and O (G%), the rtrt component
of the Riemann tensor and the ¢t component of the Ricci tensor for the metric (2.33)) are

respectively
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and the result of the action of In ((J/p?) on 1/73,1/r°,1/r5 In(ur)/r®, collected in Appendix
[A] we find

f(ra)
Q(Th)

A
SwWald = —8T / ap 05 A 21Q* + So + S2.Q° + O (QY),  (3.11)
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where
So = 64m2c; + 64m2~ 410 (2GMp) + 2y — 5} , (3.12)
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Sy [5(c2 + 4c3) + B (107g — 21) + 4 (1075 — 27) + 2 (53 + 24) In (QGM;L)]
{54c§ + 576¢3 + 18¢38(40vE — 81) + 96¢37(24yk — 41) + 6¢4 [6003

+ B(36vg — 75) + v(120vg — 221)} + (B +4v) [9(601 + a(12yg — 25) + 7053
48 (° = 257 + 693) ) + 4y (151 + 1295 (129 - 41) + 307%) |

+121n (2G Ny Mp) [ISCg(ﬁ +37) + 12¢35(58 + 147) + (8 + 47) (%

+ B(36vE — 75) 4+ 28v(3vE — 5)) + 18(8 + 27)(B + 47) 1n(2GNM,u)] }
(3.13)
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4 Quantum gravitational corrections to temperature

and pressure

In this section we compute the quantum corrections to thermodynamic quantities of phys-
ical interest, namely temperature and pressure. The first law of thermodynamics for a
Schwarzschild black hole is

dE =dM =TdS, (4.1)

where 7" and S are the temperature and entropy of the black hole, respectively. The total
energy of a charged black hole is £ = M + QQ®, where ® is the electric potential of the
black hole. If the charge is fixed, the first law gets modified as

dE =dM + Qd® = TdS, (4.2)
Classically, the first non-trivial contribution to the temperature that contains the charge

is a quartic term:

11d gRN
T - tt
BN = yrlar

I S O
r=ry  STGNM  1287G3 M>

+0(Q°%). (4.3)

The corrections to the metric imply a correction to the temperature of order O (Q?):

_ L [df(r)dg(r) _ 1
I'= 4dm drdr |,._, B 87TGNM+
2
b [2e + ) (s — 9) 47 (47— 9) + 4(5 4 47) In (26Mp) | + 0 ().

N

(4.4)

The electric potential is
e / oo / Q 2 Q / Q 3
o = 5 dr' By, = 5 dr m—l—GN (r") :2GNM+O(Q), (4.5)

meaning that it does not receive corrections at order O (Q?).
Even at the classical level, one finds that T'dS/dM — Qd®/dM =1+ E(M, Q) i.e. the

unity plus some additional terms. In order to preserve the first law, one assumes that the

12



charged black hole has a pressure P such that

av

s
T _
dM

dM

dd
QdM - P =1+ E(M,Q), (4.6)

where V' = 4/37r} is the volume of the black hole. The pressure is then given by

p_ _EMQ) _ T —Qp—1
- avo av. '

dM dM

(4.7)

The pressure on the outer horizon of a classical RN black hole is negative and proportional

to the charge squared [27]:
2

Pay ~ — 2 (4.8)

T+
Evidently, a Schwarzschild black hole does not have a pressure at the classical level. How-
ever, quantum effects do create a pressure [I]. Using (4.7) we find that the pressure of a

non-extremal RN black hole, including the quantum corrections, is

Q? y ) A
P=- - P 4.
6inGiar G T O (@) (4.9)
with
1
P =g e |2+ des + 2B(yp — 4) + 41(29 — 17) + 2(8 + 87) In(2G y M)
N
+ W{MCS + 576¢5 + 24 [1503 +36(3yE — 7) + 5v(675 — 13)]
N

+6e; [35(4(% —91) + 47(965 — 197)] + (8 +47) [54@ + 360(3v8 — 7)
+ 95 (95 — 1127 + 2473, + 47%) + 27 (701 — 118275 + 28877 + 6077) }

+121n(2G N M p) [18c2(5 +37) + 12¢3(58 + 147) + (8 + 47) (9a + 128(375 — 7)

+21(4205 —85) +18(3+ 29)(3 + ) (G My |

(4.10)

The term —~/G3 M* is the only quantum gravitational correction for a Schwarzschild black

hole. A charged black hole has additional corrections proportional to the electric charge.
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5 Conclusions and outlook

In this paper we have studied the quantum gravitational corrections to the Wald entropy of
a four dimensional, non-extremal Reissner-Nordstrém black hole, starting from an effective
action for quantum gravity supplemented by the Maxwell action. Contrary to what hap-
pens for the Schwarzschild metric, we have shown that the classical RN solution receives
quantum corrections at second order in curvature. These corrections shift the position of
the event horizon. Finally, we computed the quantum gravitational corrections to the tem-
perature and pressure. All these corrections are very small for astrophysical black holes,
for which Q? < GyM?2.

There are several directions that stems from this work. Firstly, one could try to further
generalise these calculations and compute the quantum gravitational corrections to the
entropy of a charged rotating (Kerr-Newman) black hole, which is the most realistic model
of an astrophysical black hole. Secondly, it would be interesting to understand how to
obtain the quantum gravitational corrections to a different definition of entropy, like the

one proposed in [25] 26], which takes into account both horizons.
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A Action of In (%) on radial functions

In this appendix we collect the result of the action of In ((0/u?) on various radial functions
f(r). If r >0, f(r) # 0 and e > 0 such that f(r’) is smooth for |[r —7/| < ¢, then [24]

O I e NI 6 B L SN
1“(ﬁ)f<”:;/0 dmwf(”‘i%i{;/o = )
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In order to derive the equations of motion from the effective action (2.9 in Section
the non-local contribution K, has to be evaluated on the classical RN solution. Since
the components of the Ricci tensor for the classical RN solution are R*, = R", = —R% =

—R%y = —GnQ?/r?, the following quantity has to be computed:
Oy 1

Owing to the singularity at » = 0, the integral (A.1)) needs to be regularised. A way to
achieve this is by shifting the denominator of the problematic integrands via r’ — 1’ 4 ie
and then taking the real part of the result, as In(CJ/u?) f(r) € R. Thus

|:| 1 1 “+oo / 1 1 r—e€ / 1
In{— ] = =Re lim —/ dr' —— 4——/ dr' —~ 1
w? ) rt —ot+ |7 Jo T+ (r —ie)t 1o =1 (r' 4 ie)

. (A.3)
1 o r1 2
_;\/T:H dr,—rl_rm—ﬁ[’yE‘f“hl(/LE)]}.
The divergences cancel out:
0y 1 1 /3 7 2lnr 2lne 2vg  2lne  2Ilnp
IH<E)T_4:R6{;(E+ZT_3_ r3 + T3)_T4_ et |
(A.4)

In Section [3] we computed the corrections to the entropy using the Wald formula. The
derivative of the effective action with respect to the Riemann tensor contains contributions
from the Riemann and Ricci tensors of the metric with quantum corrections ([2.33)). These

3

tensors contain the radial functions =3, 775 =6 In(ur)r=5. Hence, it is necessary to know

the action of In (OJ/u?) on them. Let us consider for example In ((J/p?) r=3. We regularise

the integrals in (A.1)) as

0y 1 1 [ree ! 1
In <—2) — =Re lim+ {—/ dr' — - 3
we)r e—0t [ 1 J r+r (7“’ I z\/e/_,u>
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Again, all divergences cancel out:

In <%) % - —% (m (ur) + %E - Z) . (A.6)

With analogous calculations we find

In (%) %5 = —% (ln(,ur) + 77]5 — g) , (A.7)

In <%) %6 = —% (ln(,ur) +vE — %) , (A.8)

In <%) mfg” = _21nr—(6ﬁ7’) <1n(,m“) +vE — %) + %6 (% — %2) : (A.9)
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